We propose and demonstrate improved and accurate design criteria for modeselective nonlinear waveguides, using a complete multimode theoretical model. Being different from previously reported schemes where only the cross section was considered, the nonlinear conversion efficiency can be further enhanced in the proposed scheme by means of elaborately designing both the waveguide length and cross section. Furthermore, the modal crosstalks introduced by the intermode nonlinear processes are thoroughly discussed and significantly suppressed. A two-mode nonlinear circuit using asymmetric directional coupler based multiplexer/de-multiplexer and an optimized multimode waveguide is fabricated for demonstration, utilizing a silicon integrated platform. Experimental results show that the highest conversion efficiencies of fundamental transverse electric and first order transverse electric modes are −20.44 and −23.15 dB, respectively, with nonlinear crosstalks less than −19 dB.
Introduction
In addition to wavelength-division multiplexing (WDM), the mode-division multiplexing (MDM) which utilizes different optical modes as independent channels has recently become an efficient technology to further improve the transmission capacity [1] - [3] . Thanks to the great potential of increasing optical communications capacity without excessive optical sources [4] , [5] , a number of impressive results in few-mode fibers had been obtained [6] - [8] . On the other hand, taking advantages of silicon integrated platform, the on-chip MDM investigations are receiving more and more attentions in recent years. On top of the mode multiplexer/de-multiplexer (MUX/de-MUX), a number of basic components maturely used in single-mode integrated systems such as optical filter [9] , power splitter [10] and optical switch [11] , had been redesigned to accommodate the multi-mode occasions.
Excepting for the linear devices mentioned above, on-chip mode-selective nonlinear devices, which are also of necessity in multi-mode system, had been developed and reported recently [12]- [15] . It is well known that the meticulous geometry design is very significant for nano-scale devices, and a small deviation in geometric dimensions would degrade the device performances severely [16] . To be noted, the research interests for both single-and multi-mode nonlinear devices were usually focused on optimizing waveguide transverse geometry parameters [12] , [13] , [17] . Actually, the longitudinal design is of equal importance to nonlinear waveguides for its great influence on nonlinear efficiency and large misalignment tolerance, as demonstrated for single-mode cases [18] , [19] . Especially, the longitudinal design will further affect the inter-channel crosstalk in multimode cases. The crosstalk issue is very crucial for MDM signal processing, and it originates from the various inter-mode nonlinear effects. As a common nonlinear effect, the four-wave mixing (FWM) was generally adopted to process MDM signals [12] - [14] , [20] . However, the involved crosstalk items had not been thoroughly investigated, and only one type inter-mode FWM was considered in previous demonstrations. Unfortunately, that type is not the major one among the crosstalk sources, on account of the corresponding phase mismatches being too far from ideal [21] , [22] .
We here establish a complete theoretical model to comprehensively analyze how different types of FWMs changing with the multi-mode waveguide cross-section and length. By choosing appropriate geometry values (both transverse and longitudinal), a high-efficient and low-crosstalk mode-selective FWM is realized. A two-mode division multiplexing circuit including MUX/de-MUX and an optimized multi-mode waveguide is fabricated for demonstration. Experimental results show the FWM conversion efficiency for fundamental transverse electric (TE 0 ) and first order transverse electric (TE 1 ) modes are −20.44 and −23.15 dB, while the modal crosstalks are less than −19 dB. To the best of our knowledge, the observed FWM efficiencies are the highest and nearly improved by 5 dB compared with literatures [12] , [13] , [20] . Experiments with modulated signals are also performed to demonstrate a mode-selective wavelength conversion using On-off Keying (OOK) signals at 40 Gbit/s.
Principle and Simulation
The schematic diagram of the on-chip multi-mode nonlinear device is presented in Fig. 1(a) . It consists of a two-mode MUX, a two-mode waveguide and a two-mode de-MUX. Two channels, CH1 and CH2, initially on TE 0 mode, are multiplexed into the multi-mode waveguide as TE 1 and TE 0 modes severally. Then, the two channels independently transmit and interact in the multi-mode waveguide. After that, they are separated into two ports and converted back to the original modes at the mode de-MUX. As for the FWM processes, if pump light is input from the same channel with signal, an obvious idler on the identical mode can be generated, due to the strong intra-mode FWM effect. The generated idler will ultimately output to different de-MUX ports, depending on the input signal mode. On the contrary, if the pump and signal are input from different channels, they will be coupled to different modes within the multi-mode waveguide. Under this circumstance, no obvious idler will arise for the large inter-mode phase mismatch.
However, the situation is quite complicated when the pump and signal both input into the two channels, which means there will exist two-mode pumps and two-mode signals in the multi-mode waveguide. Fig. 1(b) shows the possible three types of FWMs for this situation [21] , [22] . Type 1 is the desired intra-mode FWM, while Type 2 and Type 3 are the inter-mode ones which produce crosstalk and need to be eliminated. More specifically, Type 1 corresponds to the FWM with the pump and signal being on same mode. Type 2 corresponds to the FWM with the pump and signal being on different modes, and Type 3 corresponds to the FWM with the pumps including two modes (i.e., TE 0 and TE 1 ) while the generated idlers are on the different mode compared to the signal. It is well known that the effective mode index differs in optical mode, and thus the phase mismatch parameters of the three types of FWMs are different. In general, the phase mismatch parameters of Type 1, Type 2 and Type 3 FWMs in silicon waveguides are about one, three and six orders of magnitude different [21] . Since the phase mismatch of Type 2 FWM is much larger than that of Type 1, the crosstalk caused by Type 2 FWM can be ignored and Type 3 FWM should be extraordinarily suppressed.
The primary requirement for MDM signal processing is that signals on different modes should be independently and simultaneously processed. In another word, the effects supporting MDM signal processing are supposed to be switchable via adjusting the involved lights modes. According to the analysis above, it is easy to foresee that the FWM is suitable as its efficiency intrinsically depends on the optical mode. As a result, if the efficiency difference between the intra-mode FWMs and inter-mode FWMs can be further enlarged, the mode-selective FWM will be realized and meet the requirement of MDM signal processing [12] .
One of the keys to achieve mode-selective FWM is comprehensively manipulating the phase matching condition on all types of FWMs. Generally, the phase matching depends on the dispersive properties of the waveguide and changing the waveguide geometry enables tailoring its dispersion properties [23] . Fig. 2(a) and (b) show the calculated second-order dispersion parameter β 2 for both TE 0 and TE 1 modes in strip silicon-on-insulator (SOI) waveguide with different widths. We can see that the dispersion curves for TE 0 mode with all widths are close to zero over C band, while the curves for TE 1 mode have different slopes. Besides, the dispersion parameters increase with the waveguide width for TE 0 case but decrease for TE 1 case.
The corresponding phase mismatches of Type 1 and 3 FWMs as a function of signal wavelength are shown in Fig. 2(c) to (f). The pump wavelength is fixed to 1550 nm. The phase mismatch parameter is defined as β = 2β Pump − β Signal − β I dler , where β Pump , β Signal and β I dler are the propagation constants of the pump, signal and generated idler, respectively. Fig. 2 (c) and (d) correspond to Type 1 FWMs for TE 0 and TE 1 modes separately. We can see that β for different widths has no obvious difference for these two intra-mode cases, especially for TE 0 mode. Typically, the width of a single-mode silicon waveguide is smaller than 550 nm, and the second order dispersion parameters β 2 will close to zero when the waveguide width is larger than 650 nm, as shown in Fig. 2(a) . Therefore, the phase mismatch, which can be approximate to [16] , has no obvious difference on different waveguide widths, and the curves in Fig. 2(c) for different widths are overlapping. Fig. 2 (e) and (f) correspond to Type 3 FWMs, where the signal and one pump are on one mode, and the idler and another pump are on the different mode. In order to achieve higher efficiency of intra-mode FWMs and decrease the efficiency of inter-mode FWMs simultaneously, a waveguide width of 750 nm is selected after a comprehensive consideration.
When the material and waveguide transverse geometry are decided, the other crucial factor for further enhancing FWM efficiency is the waveguide length. For multi-mode waveguides, both the intra-mode and inter-mode FWMs evolve with the waveguide length. Here, we still focus on the major crosstalk induced by Type 3 FWMs. Accordingly, we simulate the relationship of waveguide length to Type 1 (intra-mode) and Type 3 (inter-mode) FWMs conversion efficiency (CE). The CEs are calculated as the ratio of the output idler power to the corresponding output signal power. The results we obtained are based on the multi-mode nonlinear Schrödinger equations (MM-NLSE) [12] , [21] . Fig. 3(a) and (b) show the results of TE 0 and TE 1 modes, respectively. The insets in Fig.  3 are the specific FWM illustration of the corresponding curves.
In accordance with [18] and [19] , the Type 1 CEs monotonically increase in the length region from 1 to 10 mm. However, the Type 3 CEs periodically fluctuate with the waveguide length. Through theoretical analyzation and numerical simulation, it can be validated that the fluctuation comes from the interference between two idlers generated from different FWM processes. As a representative, if the input waves are TE 1 mode signal at λ 1 and two-mode pumps at λ 2 ( Fig. 4(a) ), a TE 0 mode idler at λ 3 through Type 3 FWM process will be generated, as shown in Fig. 4(b) . Meanwhile, the pump and signal on TE 1 mode will generate a stronger TE 1 mode idler at λ 3 through Type 1 (intra-mode) FWM, as shown in Fig. 4(c) . Consequently, the TE 0 mode at λ 2 and the generated TE 1 mode idler at λ 3 serve as two pumps, while the TE 1 mode at λ 2 serves as signal. Through a second-order intra-mode FWM, at this stage, another TE 1 mode idler at λ 3 is generated. As a result, the two TE 1 mode idlers at λ 3 will interfere and fluctuations can be observed.
Although the Type 1 (intra-mode) CEs of the two modes increase with the waveguide length, the CEs difference between the two modes is getting obvious at the same time. This stems from the intrinsic difference on mode dependent attenuation constants, which are set as 0.3 and 1.9 dB/cm in the simulation, respectively. On the other hand, the Type 3 (inter-mode) curve dips are getting shallower with the waveguide length increasing, corresponding to a severer crosstalk. In order to achieve one-stop high-efficient and low-crosstalk MDM signal processing without assisting by additional compensation on CE differences, a waveguide length of 5 mm is ultimately selected as the best compromise for fabrication. To be noted, the length optimization will be dependent to the signal wavelength. However, comparing with the optimizations on waveguide cross-section, the optimizations on waveguide length are much less sensitive. The intra-mode CEs corresponding to 5 mm are −20.41 dB of TE 0 mode and −23.07 dB of TE 1 mode, and the crosstalks are smaller than −30 dB for both modes.
Device Fabrication and Characterization
In order to experimentally validate the proposed scheme, we fabricate the optimized waveguide on a SOI wafer with top silicon layer of 220 nm and buried oxide layer of 3 μm. An asymmetric directional coupler is utilized as mode MUX/de-MUX, thanks to its simple structure and large fabrication tolerance [1] - [3] . Fig. 5(a) represents the specific structure and parameters, and a 50 μm-long taper is introduced to realize an adiabatic transition from the MUXs to the optimized multi-mode waveguide. As mentioned before, CH1 and CH2 correspond to TE 1 mode and TE 0 mode inputting. The microscope images of the fabricated circuit and the MUX details are shown in Fig. 5(b) and (c) . The radius of the bends in Fig. 5(b) is 60 μm, and it is large enough for avoiding high intermodal crosstalk [24] .
For purpose of characterizing the mode MUX/de-MUX and the multi-mode waveguide independently, a reference device with only mode MUX/de-MUX is adopted for characterizing. The transmission spectra of the reference device and the complete circuit are measured and delineated in Fig. 6(a) and (b) . It can be seen from Fig. 6(a) that the multiplexing loss of TE 1 mode is higher than that of TE 0 mode. Since the only difference between the reference device and the multiplexing circuit is the 5 mm multi-mode waveguide, the waveguide attenuation constants of TE 0 and TE 1 modes are calculated to be 0.32 and 1.91 dB/cm at 1550 nm. The crosstalk curves of CH1-CH2 and CH2-CH1 are nearly coincident in both Fig. 6(a) and (b) . The total modal crosstalks of the whole circuit, including the crosstalk from the MUX/de-MUX and the multi-mode waveguide, are around −20 dB at 1550 nm, as shown in Fig. 6(b) . Comparing the transmission spectra of CH1-CH2 and CH2-CH1 in Fig. 6(a) , it can be found that major fluctuations emerged and the independence of the adjacent channel degrades. According to our analysis, it comes from the linear inter-couplings between CH1 and CH2 that occur in the 5 mm multimode waveguide.
System Experiment and Results
The fabricated multi-mode waveguide is then used to demonstrate the mode-selective wavelength conversion using OOK signals at 40 Gbit/s. The experimental setup is illustrated in Fig. 7 . Signal at λ 1 = 1551.124 nm is modulated by a Mach-Zehnder modulator (MZM) with a pseudo-random binary pattern length of 2 7 −1, and then it is amplified by an erbium-doped fiber amplifier (EDFA 1). After attenuating by a variable optical attenuator (ATT), the signal is split into two tributaries through a 3 dB coupler. The two tributaries are de-correlated by an optical delay line (ODL) and amplified again by EDFA 3 and EDFA 4. Pump light at λ 2 = 1550.124 nm is also split into two tributaries through a 3 dB coupler after being amplified by EDFA 2. Each tributary of pump and signal light are combined by a 3 dB coupler and injected into different ports of the on-chip MUX for processing. The pump and signal powers input to the chip are about 25 dBm and 14 dBm, resulting in estimated pump and signal powers of about 22 dBm and 11 dBm, respectively, at the input of the nonlinear silicon multimode waveguide. Polarization controllers (PCs) are introduced for optimizing the polarization states. The generated idlers on TE 0 and TE 1 modes are de-multiplexed to different output ports and filtered by a tunable band pass filter (TBPF1). EDFA 5 and TBPF2 are used to optimize the final optical power for evaluation. Fig. 8 shows the comparison of Type 1 (intra-mode) and Type 3 (inter-mode) FWM spectra. The blue curves show the Type 1 FWM on CH1 (Fig. 8(a) , TE 1 mode) and CH2 ( Fig. 8(b) , TE 0 mode), respectively. It can be seen that strong idlers are obtained, and the FWM conversion efficiencies for Fig. 8 . Comparison of the Type1 and Type 3 FWM spectrum: (a) pump, signal, and idler all on CH1 (blue curve), pump on two channels, signal on CH2 while idler on CH1 (red curve); (b) pump, signal, and idler all on CH2 (blue curve), pump on two channels, signal on CH1 while idler on CH2 (red curve). Fig. 9 . BER measurement for the CH1 and CH2 idlers output from de-MUX ports, respectively, with and without crosstalk, and the corresponding eye-diagrams. TE 1 and TE 0 modes are −23.15 and −20.44 dB, respectively. The efficiency difference for the two modes is caused by the phase mismatch difference, as well as the attenuation coefficient difference of the two modes. The red curves in Fig. 8(a) and (b) correspond to the Type 3 FWM results where the generated idlers are on CH1 (TE 1 mode) and CH2 (TE 0 mode), respectively. The distortions of the signals shown in the red curves are introduced by the cross-phase modulation (XPM), and similar phenomena can be found in other reported schemes [12] , [13] , [15] . The crosstalks at the idler wavelength can be calculated as −19.27 and −20.03 dB for TE 1 mode and TE 0 mode, respectively.
It can be found the measured intra-mode CEs are very conformable to the simulated results, the measured crosstalks are however larger than that of simulation. The reason is that the measured crosstalks contain both the linear part introduced by the MUXs/waveguide and the nonlinear part from the inter-mode FWMs. By contrast, the calculated crosstalk is the only nonlinear part. Fig. 9 shows the bit-error-ratio (BER) performances of the idlers obtained at CH1/CH2 output port (corresponding to idler on the TE 1 /TE 0 mode), in the cases of only one pump inputting (without crosstalk) and two pumps simultaneously inputting from the two ports of the MUX (with crosstalk). The corresponding eye-diagrams are shown as the insets. Clear eye-diagrams are obtained for the idlers with and without crosstalk. The signal amplitude distortions at level 1 of the eye-diagrams come from the non-ideal filtering in the off-chip idler extracting, while it will not affect the crosstalk assessment. Thanks to the optimized waveguide design with reduced inter-mode FWM, it can be found the crosstalks barely impact the BER curves and eye-diagrams. Therefore, the proposed criterion has been absolutely validated for two-mode system. In regard to more modes system, the numbers of FWM cases will exponentially grow as the system mode increasing. Faced with this challenge, efficient classification should be firstly established, and major crosstalk can be taken into account. Then, the waveguide geometries could be determined comprehensively after careful calculation.
Conclusion
In summary, we had proposed and demonstrated an improved and accurate design criterion for multi-mode nonlinear silicon circuit. Based on the complete theoretical model, a highest multimode FWM efficiency and low nonlinear crosstalk had been realized by means of synthetically analyzing how the waveguide cross-section and length influence the different types of FWMs. For demonstration, the on-chip mode-selective wavelength conversion at 40 Gb/s were performed. Experimental results indicated the intra-mode FWM conversion efficiency of TE 0 and TE 1 modes were −20.44 and −23.15 dB, while the nonlinear crosstalks were less than −19 dB. The proposed method paves the way for accurately designing multi-mode nonlinear device, and it is promising for realizing various nonlinear outcomes and investigate multifarious nonlinear applications.
